Abstract. We determine new conditions for the coexistence of corankone singularities of the Maxwell set of a generic family of smooth functions with respect to taking global minima (or maxima) in cases when this set does not have more complicated singularities. In particular, the Euler number of every odd-dimensional manifold of singularities of a given type is a linear combination of the Euler numbers of evendimensional manifolds of singularities of higher codimensions. The coefficients of this combination are universal numbers (that is, they do not depend on the family and depend only on the classes of singularities).
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To my Teacher Vladimir Igorevich Arnold, on the occasion of his 65th birthday Abstract. We determine new conditions for the coexistence of corankone singularities of the Maxwell set of a generic family of smooth functions with respect to taking global minima (or maxima) in cases when this set does not have more complicated singularities. In particular, the Euler number of every odd-dimensional manifold of singularities of a given type is a linear combination of the Euler numbers of evendimensional manifolds of singularities of higher codimensions. The coefficients of this combination are universal numbers (that is, they do not depend on the family and depend only on the classes of singularities).
We obtain these conditions as a corollary to the general coexistence conditions for corank 1 singularities of generic wave fronts which were found recently in [7] . As an application, we obtain many-dimensional generalizations of the classical Bose formula relating the number of supporting curvature circles for a smooth closed convex generic plane curve to the number of supporting circles which are tangent to this curve at three points.
Introduction
The Maxwell set of a generic family of smooth functions with respect to taking global minima (or maxima) is a complicated singular hypersurface in the space of parameters of the family. Simplest singularities of this hypersurface (stable singularities of corank 1) were listed by Arnold in [2] .
Singularities of Maxwell sets are connected with singularities of wave fronts. This determines various topological relations between singularities of a given Maxwell set.
Some relations between the numbers of certain isolated singularities of the Maxwell set of a generic family of smooth functions on the circle S 1 are mentioned in [4] . These relations take into account a (cyclic) order of points of extremum on the circle, and the isolated singularities of the Maxwell set are counted with signs.
In the present paper, we give numerous new conditions for the coexistence of corank-one singularities of the Maxwell set of a generic family of smooth functions on a manifold M of an arbitrary dimension (under the condition that the Maxwell set has no singularities of corank 2 or greater; according to [2] , this is always so in the case when either the dimension of the space of parameters is less than 7 or dim M = 1). We obtain these conditions as a corollary to the general coexistence conditions of corank-one singularities of generic wave fronts which were found recently in [7] (see also [8] ).
The new conditions are nontrivial linear relations between the Euler numbers of the submanifolds in the space of parameters that consist of the points such that the corresponding functions of the family have singularities of a given type. These relations are universal in the sense that their coefficients do not depend on the family (on the manifold M and on the space of parameters, in particular) and depend only on the classes of the corresponding singularities. In the case of isolated singularities, we count singularities without signs, and in the case of M = S 1 , we do not take into account the order of points of extremum on the circle.
As an application, we obtain many-dimensional generalizations of the classical Bose theorem [3] on the supporting circles for a plane curve (tangent circles such that the curve lies on one side of them). This theorem claims that, for a smooth closed convex generic curve on the Euclidean plane, the difference between the number of supporting curvature circles and the number of supporting circles touching the curve at three points is equal to 2 both for externally supporting circles (such that the curve lies outside the disks bounded by these circles) and for internally supporting circles (such that the curve lies inside the disks).
Consider, for example, a smooth closed generic curve in the Euclidean space R 10 . Suppose that it is convex (this means that any hyperplane in the ambient space intersects the curve at no more than 10 points, counting multiplicities). Let χ(A µ1 + · · · + A µm ) denote the number of externally supporting hyperspheres which are tangent to the curve at m points with multiplicities µ 1 , . . . , µ m such that
where kA µ = A µ + · · · + A µ (k times). A similar relation is valid for internally supporting hyperspheres.
The Main Result
Let M and Λ be smooth manifolds. We assume that the manifold M is closed; its connected components may have different dimensions.
Consider a family F (x, λ) of smooth functions of x ∈ M which smoothly depend on the parameter λ ∈ Λ. By the Weierstrass theorem, every function of the family F (x, λ) attains a global minimum on M .
Global minimum is called nonsingular if it is attained at exactly one nondegenerate critical point. The set of parameters λ such that the function F (·, λ) has nonsingular global minimum is an open domain in the manifold Λ. This domain is called the manifold of nonsingular global minima of the family F (x, λ).
Definition. The Maxwell set of the family F is the set of parameters λ such that the global minimum of the function F (·, λ) is singular (that is, it is attained either at a degenerate critical point or at more than one point of the manifold M ).
Generally, the Maxwell set is a singular hypersurface in the manifold Λ. Its singularities are classified by the types of points of global minimum of functions with respect to smooth changes of variables in the preimage.
We shall consider only corank 1 global minima of finite multiplicity (which are attained at finitely many corank-one critical points of finite multiplicity). They are indexed by the non-zero elements of the free Abelian semigroup under addition whose generators are the symbols A 1 , A 3 , . . . , A 2l+1 , . . . as follows.
Take arbitrary m odd positive integers µ 1 , . . . , µ m . Let the space of all smooth families F (x, λ) of functions on a manifold M with manifold of parameters Λ be endowed with the Whitney C ∞ -topology. Families which belong to some open everywhere dense subset in this space are called generic.
Suppose that either dim Λ = k ≤ 6 or all connected components of the manifold M are one-dimensional. Then (see [2] ) (1) the global minimum of any function of a generic family
(2) a germ of the Maxwell set of a generic family F (x, λ) at a point λ where the function F (·, λ) has a global A µ1 + · · · + A µm -minimum is diffeomorphic to a germ at zero of the direct product of the (k + 1 − c)-dimensional Euclidean space and the subset in the hyperplane λ 
is not smooth. This germ is called a singularity A µ1 + · · · + A µm of the Maxwell set. Take a generic family F (x, λ) as above and consider a singularity A = A µ1 + · · ·+A µm of its Maxwell set. The set A F of the parameters λ such that the Maxwell set of this family has a singularity A at the point λ is a smooth submanifold of codimension c − 1 in Λ. This manifold is called the manifold of singularities A of the Maxwell set (generally, it is non-closed).
Consider the closure A F of the manifold A F in the ambient manifold Λ. If the set A F is compact and is the union of manifolds of singularities A ν1 +· · ·+A νp of the Maxwell set of the family F (x, λ), then its partition into the connected components of these manifolds is a minimal finite Whitney C ∞ -stratification. We denote the (topological) Euler number of the manifold A F by χ(A).
Theorem. Let M and Λ be smooth closed manifolds. Assume that either dim Λ = k ≤ 6 or all connected components of the manifold M are one-dimensional. Then, for a generic family F (x, λ) of smooth functions of x ∈ M which smoothly depend on parameter λ ∈ Λ, the following assertions are valid.
(1) The Euler number χ(A µ1 + · · · + A µm ) of any odd-dimensional manifold of singularities of the Maxwell set of the family F (x, λ) is a linear combination of the Euler numbers of even-dimensional manifolds of its singularities with codimensions larger than µ 1 + · · · + µ m . This combination is universal in the sense that its every coefficient depends only on the classes of the corresponding singularities and does not depend on k, Λ, M , and F . The list of such formulas for singularities of codimension c ≤ 10 is given in Table 1 for even k (the dots denote linear combinations of the Euler numbers of the manifolds consisting of singularities of odd codimensions starting with codimension 13) and in Table 2 for odd k (the dots denote linear combinations of the Euler numbers of the manifolds consisting of singularities of even codimensions starting with codimension 12); (2) in the case of an odd k, the Euler number χ(A 1 ) of the manifold of nonsingular global minima of the family F (x, λ) is a universal linear combination of the Euler numbers of even-dimensional manifolds of singularities of its Maxwell set (the coefficients of this combination do not depend on k, Λ, M , and F ). Namely,
(the dots denote the same as in Table 2 ); (3) in the case of an even k, the Euler number χ(Λ) of the manifold Λ is equal to the sum of the Euler number χ(A 1 ) of the manifold of nonsingular global minima of the family F (x, λ) and a universal linear combination of the Euler numbers of even-dimensional manifolds of singularities of its Maxwell set (the coefficients of this combination do not depend on k, Λ, M , and F ). Namely,
(the dots denote the same as in Table 1 ); (4) if k ≤ 16 is even, χ(A 1 ) = 0, and χ(A µ1 +· · ·+A µm ) = 0 for any manifold of singularities A µ1 +· · ·+A µm of the Maxwell set such that µ 1 +· · ·+µ m ≤ k−m, then the Euler number of the manifold Λ is a universal linear combination of the numbers of isolated singularities of the Maxwell set (the coefficients of this combination do not depend on Λ, M , and F ). The relations between the numbers of isolated singularities of the Maxwell set of the family F (x, λ) arising in this way for k ≤ 12 are given in Table 3 .
Remark. I believe that assertion (4) of the theorem is valid for any k. The restriction k ≤ 16 is determined only by the performance of my computer.
Proof of the Theorem
The family F (x, λ) determines the extended family
of functions of x ∈ M which smoothly depend on the parameter
The set F of parametersλ such that the function G(·,λ) has zero critical value is a front in the manifold P (see [1] ). The complement P \ F to this front has a remarkable connected component, namely, the set of parametersλ ∈ P such that the function G(·,λ) is positive on the manifold M .
Consider the boundary Γ of this component. It consists of parametersλ such that the function G(·,λ) has zero global minimum on the manifold M . The hypersurface Γ is the graph of the continuous function
Hence it is homeomorphic to the manifold Λ; the homeomorphism h is the restriction of the natural projection
For a generic family F (x, λ), the front F is generic (the family G(x,λ) is its generating family). The hypersurface Γ has only singularities A µ1 + · · · + A µm with odd multiplicities (see [7] for definitions). The homeomorphism h maps the set of singular points of this hypersurface into the Maxwell set of the family F (x, λ), and it takes the nonsingular part of Γ into the manifold of nonsingular global minima of this family. Moreover, the restriction of h to the manifold A Γ of singularities A = A µ1 + · · · + A µm of the hypersurface Γ is an embedding for any A. The preimage (under the homeomorphism h) of the manifold A F of singularities A of the Maxwell set of the family F (x, λ) is the manifold A Γ . Now, the theorem follows from the corollary in [7] applied to Γ.
Remarks
1.
A noncompact space of parameters. Under some additional conditions, the theorem is valid for a generic family F (x, λ) of functions with noncompact space of parameters Λ. It is sufficient to suppose, for example, that (i) the manifold Λ is obtained from a smooth closed manifold Λ by cutting out some compact subset N equipped with a finite Whitney C ∞ -stratification; (ii) the Maxwell set of the family F (x, λ) is compact and lies outside the closure of some neighbourhood U ⊂ Λ of the set N with a smoothly embedded cooriented boundary.
Under these conditions, all assertions of the theorem except the assertion (2) remain true. Assertion 2 will be valid if we replace χ(A 1 ) with χ(A 1 ) − χ(N ).
Indeed, let us take a partition of unity and define a function Λ → R by
a smooth function if λ ∈ U.
For a generic family F (x, λ), the graph Γ of this function in the space P = Λ × R is the boundary of a connected component of the complement to a generic front in P . The set of singular points of the hypersurface Γ coincides with the set of singular points of the graph of the function λ 0 = min x∈M F (x, λ). The nonsingular part of Γ is diffeomorphic to the union of the manifold A 1F of nonsingular global minima of the family F (x, λ) and the set N . Now, we can prove the generalization of the theorem mentioned above. For this purpose, it is sufficient to apply the corollary from [7] to the hypersurface Γ and note that
where k = dim Λ.
In particular, we can take Λ = R k , Λ = S k , and N = {pt} (the sphere S k is the one-point compactification of R k ). In this case, χ(Λ) = χ(N ) = 1.
A noncompact Maxwell set.
Under some additional conditions, assertion (4) of the theorem is valid for a generic family F (x, λ) of functions with noncompact Maxwell set. It is sufficient to suppose that, in addition to the above condition (i), the following condition holds:
(ii ) there exists a neighbourhood U ⊂ Λ of the set N with smoothly embedded cooriented boundary ∂U ⊂ Λ such that (1) the closure U of the neighbourhood U in the ambient manifold Λ is homotopic to the set N ; (2) all isolated singularities of the Maxwell set of the family F (x, λ) lie in the open domain Λ \ U ; (3) for any λ ∈ ∂U , the function F (·, λ) has a global A µ1 + · · · + A µm -minimum, where
(4) the hypersurface ∂U is transversal to any manifold of singularities of the Maxwell set of the family F (x, λ);
Indeed, let
Consider the hypersurface Γ in the space P = {(λ, λ 0 ) : λ ∈ Λ, λ 0 ∈ R} which is the union of the following three hypersurfaces:
We take a sufficiently small ε > 0 and construct a hypersurface Γ in P which coincides with Γ outside the ε/2-neighbourhood of the manifold {λ 0 = C − 1, λ ∈ ∂U } and is smoothly embedded inside the ε-neighbourhood of this manifold. For a generic family F (x, λ), the hypersurface Γ is the boundary of the connected component of the complement to a generic front in the space P (this front is not compact; an example of the section of such a front by a vertical hyperplane in the case of k = 2 is given in Fig. 1 ; the dotted lines denote the points of the front that do not belong to Γ ).
The hypersurface Γ has only singularities A µ1 +· · ·+A µm with odd multiplicities. Its isolated singularities one-to-one correspond to the isolated singularities of the Maxwell set of the family F (x, λ) . The Euler number of the nonsingular part of the hypersurface Γ is equal to χ(A 1 ) + (−1) k χ(N ), where χ(A 1 ) is the Euler number of the manifold of nonsingular global minima of the family F (x, λ) . Now, the above-mentioned generalization of assertion (4) of the theorem for noncompact Maxwell sets follows from the corollary in [7] applied to the hypersurface Γ .
3. The Maxwell set of maxima. The Maxwell set of a family of smooth functions with respect to taking global maxima is defined similarly (a smooth function f : M → R has a global A µ1 + · · · + A µm -maximum if the function −f has a global A µ1 + · · · + A µm -minimum). The theorem and remarks remain valid.
An Application to Geometry of Curves in the Euclidean Space
Let M be a smooth closed connected curve embedded into an even-dimensional Euclidean space R k . The curve M is called convex if any hyperplane intersects it at no more than k points (counting multiplicities).
A supporting hypersphere (hyperplane) for a curve M is a tangent hypersphere (hyperplane) such that the curve lies on one side of it. A supporting hypersphere is called externally (internally) supporting if M lies outside (inside) the ball bounded by this hypersphere.
The set of supporting hyperspheres and hyperplanes for a generic curve was studied in [5] .
Take arbitrary m odd positive integers µ 1 , . . . , µ m .
Definition.
A supporting hypersphere (hyperplane) π for a curve M is called a supporting A µ1 + · · · + A µm -sphere (plane) if (1) π is tangent to M at m points x 1 , . . . , x m that are the vertices of an (m − 1)-dimensional simplex;
(2) a germ at x i , i = 1, . . . , m, of the restriction to M of any smooth function on R k which is equal to 0 on π, is nonnegative on M , and has noncritical value at x i is given by the formula t µi+1 in a suitable local coordinate t on M . The number c = µ 1 + · · · + µ m is called the multiplicity of tangency of a supporting A µ1 + · · · + A µm -sphere (plane) with the curve M . Supporting hyperspheres (hyperplanes) for a generic curve are supporting A µ1 + · · · + A µm -spheres (planes) for which c ≤ k + 1 (c ≤ k for hyperplanes). There are only finitely many supporting hyperspheres (hyperplanes) having the maximal multiplicity of tangency with such a curve.
Let χ(A µ1 + · · · + A µm ) denote the number of externally supporting A µ1 + · · · + A µm -spheres to a generic curve in R k with µ 1 + · · · + µ m = k + 1.
Corollary. Let M be a smooth closed connected convex generic curve in an evendimensional Euclidean space R k . Then, for k ≤ 12, the numbers of externally supporting hyperspheres to the curve M having the maximal multiplicity of tangency k + 1 with M are related by the equalities given in Table 3 where χ(Λ) = 1.
A similar statement is also valid for internally supporting hyperspheres.
Proof. Consider the family F (x, λ) = |x − λ| 2 of functions of x ∈ M depending on the parameter λ ∈ Λ = R k such that |x − λ| is the distance in R k between x and λ. For a generic curve M , the Maxwell set of the family F (x, λ) has only singularities A µ1 + · · · + A µm of codimension c ≤ k + 1. If, for a given λ, the function F (·, λ) has a global A µ1 + · · · + A µm -minimum on M , then the set of points X ∈ R k such that
is an externally supporting A µ1 + · · · + A µm -sphere for the curve M . The family F (x, λ) satisfies the condition of assertion (4) of the theorem and the additional conditions from Remark 2 in Section 3 ( Λ = S k , N = {pt}, and the neighbourhood U is the closure in S k of the complement to a ball of sufficiently large radius in R k ). Indeed, since the curve M is convex, its supporting hyperplanes are supporting A µ1 +· · ·+A µm -planes with µ 1 +· · ·+µ m +m ≤ k. Moreover, for any set of m odd positive interegs µ 1 , . . . , µ m such that µ 1 + · · · + µ m + m ≤ k and for any set of pairwise different points x 1 , . . . , x m on M , there is a supporting A µ1 + · · · + A µm -plane which is tangent to M at the points x 1 , . . . , x m with multiplicities µ 1 , . . . , µ m , respectively. This implies that, for any A = A µ1 + · · · + A µm , where
k of parameters λ such that the function F (·, λ) has a global A-minimum on M is the space of a locally trivial bundle over the manifold M k ; the number of these disks is equal to the number of all ordered sets consisting of the numbers µ 1 , . . . , µ m ). Since χ(M (m) ) = 0, we have χ(A F ) = 0, and therefore, the numbers of isolated singularities of the Maxwell set of the family F (x, λ) are related by the equality from Table 3 with Λ = R k .
Remark. For convex curves in the Euclidean plane, the relation χ(A 3 ) − χ(3A 1 ) = 2 was obtained by Bose in [3] . For convex curves in R 4 , the formula from Table 3 in the case of χ(Λ) = 2 was obtained in [6] (it relates the total numbers of supporting, both externally and internally, hyperspheres for a smooth closed convex generic curve in R 4 and such that their multiplicities of tangency with this curve are equal to 5). For convex curves in R k with k ≤ 8, the corresponding formulas given in Table 3 can also be derived from the formulas of [4] for generators of the cohomology groups of the complex defined by classes of singularities of the minimum function on a circle. Table 1 . Table 2 . 
